
Isotope is an element with the same number of protons but different number of neutrons
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Random jump
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Atomic Theory of Diffusion
Reference: Shewmon, Diffusion in Solids, Chap.2
Q: How does atomic mobility relate to D?

- Crystal with concentration gradient in x-direction
- Assuming atoms jump left and right only
- Planes 1 and 2 are adjacent atomic planes
- N1: diffusing atoms/unit area on plane 1
N2: diffusing atoms/unit area on plane 2

- Γ: random jump frequency (jumps/second)
- Γ12=Γ21 (1→2 and 2→1)
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(most of time, the atom oscillates 
about its equilibrium position)

DC=10-6 cm2/sec, α=10-8 cm
->Γ=1010 sec-1

Debye frequency =1013 sec-1, therefore

c.f.

Diffusion in 3-Dimension

Example 1: Carbon in α-Fe at 900℃

(atom changes position only 
one out of 1000 oscillations)

Example 2: FCC and HCP metals near their MPs.
D=10-8 cm2/sec, α=10-8 cm

→ Γ=108 sec-1



Diffusion Mechanism in Solids - Atomic Approach
Vacancy mechanism: atom passing from an occupied site to an adjacent unoccupied site

5702205765769610572.592.5

CaONaClMgOBeOCuAgAlAu
Vacancy formation energy (kJ/mol)

Interstitial Mechanism: atom moving through the crystal by jumping directly from one
interstitial site to another

Question: How are Γ and α related to D in real crystals with different 
diffusion mechanisms?

ν: vibration frequency
ω: possible jump frequency
Γ: successful jump frequency

Definition
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Al: Nv(873K) = 4.6x10-5

Al2O3: Nv(1873K) = 8.6x10-17



ν: atomic vibration frequency at its lattice
Debye frequency

ω: possible jump frequency which is an activated 
process and can be calculated by

12 13 110 ~10 sec

Z:  coordination number
ω: possible jump frequency
Pv: the probability to find a vacancy, 

which is equivalent to the 
concentration of vacancy =Nv

Γ= ZωPv
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  Diffusion without a driving force

Diffusion with a driving force



Vacancy formation enthalpy versus 
melting point for various metals
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Vacancy formation enthalpy versus 
melting point for various metals
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Effects of diffuser atom size on 
diffusion in Fe (Interstitial diffusivity)
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Ex. Vacancy mechanism in FCC
-motion only along x direction
-only 4 out of 12 nearest neighbors are on plane 2
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Ex. Vacancy mechanism in FCC
-motion only along x direction
-only 4 out of 12 nearest neighbors are on plane 2
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Interstitial Diffusion
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: Octahedral Site
: Tetrahedral Site
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FCC Octahedral Site
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Interstitial Mechanism
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Vacancy Mechanism
Slope:-Q/R

1/T

Arrhenius Activation 
Analysis



Activation energy for self-diffusion 
versus melting point for various metals



Activation energy for self-diffusion 
versus melting point for various metals
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Self Diffusion

Diffusivity at melting point



Self-diffusion
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Diffusion in Ionic Compounds
Summary of Kroger-Vink Notation 
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Defect chemistry in ionic compounds must follow the following principles:

(1) Mass balance
(2) Charge balance
(3) Site balance

2 3 '2 2 2Al O
Al O OMgO Mg O V   

Example
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: Lattice constant

: Possible jump frequency
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Frenkel Defect
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Concentration of Intrinsic (Thermally Induced) Defects
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Pure stoichiometric NaCl doped with CaCl2
Assuming Schottky defects dominated 
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Diffusivity of Na in NaCl doped with CaCl2
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Brownian Motion
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: statistical average of linear displacement
: correction factor depending upon medium

: viscosity of medium, : diameter of particle, : time

                         4kTK tx =
3πηD
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Brownian Motion

0.0052.361.729.40.1

0.350.74569.65.911

55.40.23615501.7510

DP (μm) Bair (μm) Gair Bwater Gwater

* Displacement in one second for powders with a density of 2 g/cm3

water air B : Displacement due to Brownian motion
G: Displacement due to Gravitational movement
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one atom has n jumps
and each one is

independent

Random-Walk Problem
No assumptions of 

(1) randomness of the jumps
(2) length of the successive jumps
(3) allowable values of θi, i+j
(4) number of dimensions in which the atom is jumping

The vector connecting the origin and final 
positions of an atom will be designated as Rn, 
which is given by

where ri are vectors representing the various jumps.

n∵ R = 0
To obtain the magnitude of  Rn, we square both sides
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For crystal with cubic symmetry, all the jump vectors will be 
the same in magnitude
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N particles → n jumps → average 2
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n- jn-1

2 2
n i,i+ j

j=1 i=1

(R
2R = = nr (1+ cosθ )

N n
- nr2 will be the same for each particle
- If each jump direction is independent of the direction of 
the jumps which proceed it, and each jump vector and its 
negative are equally probable, then positive and negative 
values of any given  cosθi,i+j will occur with equal frequency, 
and the average value of the term involving the double sum 
will be zero.



2 2
n

2
n

∴ R = n r

R = n r

5
1

2

89

10

12

11
7

6 3

4

The arrows show 12 possible jump
vector in an FCC lattice

Example: At carburizing temperature of 950℃, carbon atoms make 
1010 jumps per second, and each jump distance is 10-10 m.
*The distance for each atom travels in one second is 

1010 jumps/sec*10-10 m/jump = 1 m/sec
Three hours will be 1 (m/sec)x104 (sec)=104 m
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The root-mean-square displacement is proportional to the 
square root of the number of jumps.
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One-dimension Random Walk

n: number of random jumps (n=16)
N: number of particles (N=8)
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RMS: Root-Mean-Square



One-dimension Random Walk



Σ(λg)=0
Σ(Rn)=0

N=16 coins, 
n=4 times

N=8 coins, 
n=3 times

N=4 coins, 
n=2 times

N=2 coins, 
n=1 time
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Two-dimension Random Walk 

N=1
n=44 jumps



Two-dimension Random Walk 
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Expected RMS 
Displacement
N=1, n=227
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N=4
n=1000



α2 2
nR = n

3-D

Relation of D to Random Walk : Diffusion taking place under equilibrium condition

(α= r = jump distance)

Fick’s 2nd law
Spherical approach in 3-D
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Spherical Diffusion from 
a Point Source

: Self diffusivity
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n nR (t) < R (v)

Correlation Effect

Correlation factor (f ): relate probability of 
preferred exchange of tracer and vacancy

2 2 2   nR n and X Dt 
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v n
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Since vacancy concentration is small
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Initially the tracer locates at #6. After jumping from
#6→#7, its next most probable jump is to jump back
to the original position #7→#6  it is not random.

Tracer’s mean-square displacement is less than that 
of vacancy.

tn(t) is the time for n jumps of species i.

1 2

376

5 4
vacancy
tracer

α2 2 2
nR = n = r = 6Dt
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f=0, completely correlated
(back and forth 
completely)

f=1, completely random

average jump frequency
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Approximation of correlation factor (f)
- Probability that tracer jumps back into   
vacancy:1/Z (Z: coordination number of v, A, A*)

-Pair of jumps resulting in no net displacement
of A* (6→7, 7→6)
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because all allowed values of θ are equally probable

All tracer-vacancy pairs that have just completed an exchange are indistinguishable, 
aside from their orientations.  Thus, the value of              is the same for each value of i.
i.e., i→i+1 and n→n+1 have the same angle
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1cos : the mean value of cosine of the angle between the 
ith and the (i+1)th jump vector.
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Cosθ1= p1cosθ76+p2cosθ71+p3cosθ72+
p4cosθ73+p5cosθ74+p6cosθ75

P1 = 1/Z
Cosθ76 = -1           Cosθ1 = -1/Z
P2=P3=P4=P5=P6=0 
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Cu ZnD D

Diffusion in a Concentrated Solution
Reference: Shewmon, Diffusion in Solids, Chap.4

- Mo insoluble in Cu and brass
- Annealed at t time, the d decreases   

monotonically with time

Kirkendall experiment

(1) marker displacement → net flow of matter
(2) matter flow compensated by vacancy flow
(3) matter flow arises because 
(4) evidence of vacancy mechanism for diffusion
(5) evidence of maintaining equilibrium of vacancy

Darken’s analysis of Kirkendall experiment
e.g., The migration of ink on the river includes

(1) Ink diffusion
(2) Stream movement

Brass
70Cu-30Zn

Zn diffusion

Mo

d

Cu



Voids

JZn
JCu

JZn >> JCu
Only happening by a vacancy mechanism.
A direct exchange or ring mechanism 
does not allow different fluxes.

Mechanisms of Substitutional Atom Diffusion

Vacancy Diffusion 

M.P.: Zn:420oC, and Cu: 1085oC.



Surface Mount Technology 
(SMT)

Sn-Ag-Cu
Solder

Cu







(IMC: Intermetallic Compound)







Kirkendall Effect

Diffusivity:

Bi in Bi2O3 >> Bi in Bi



Kirkendall Effect

Cu in Cu

Ni in 
NiO

Ni in Ni

Cu in Cu2O



Kirkendall experiment



Kirkendall Effect

Kirkendall-Smigelskas experiment showing inert Mo wires shift versus time 
(log-log scales used) 
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In an infinite couple any 
given composition shifts 

xas C=f(η)=f( ), so
2 Dt

.
the markers stay at the 
same composition

x t
dx x

dt tt






  





*jA>jB. If the plane containing the marker 
is held in a fixed position, the crystal moves
to the right with a distance of Xk

v

B v A

( )

j  and j  are positive, but j  is negative

A B

A B

j j j
j j
  



A B v

B v

j + j + j = 0

j ∥ j

*Matano interface moves to - jv relative to 
marker, but doesn’t move with respect to 
the end of crystal, i.e., Matano interface 
doesn’t move.

*If the crystal is held in a fixed position (volume 
is the same), marker will move to the left

DA>DB

the direction  of marker’s movement // jv

JA

JB Jv

L R
1

2

Porosity atom A Expansion

Xk Xk

Shrinkage

3

4
marker matano

timemarker

X X

* (conservation of lattice sites)
(4)

Time

Kirkendall or Lattice Shift: atomic mechanism of marker motion
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dt tt










 




0C

0
xdC

x = 0

= 0 → x = 0

v = 0

Matano interface is defined where

A
I A
A

IA A
A

Cj  = -D
x

C C= (D )
t x x

∂
∂

∂ ∂∂
∂ ∂ ∂

: Intrinsic diffusivity
     :Diffusivity under concentration gradient 
       or non-equilibrium condition

I
AD

A

B

I A A
A A

I B B
B B

C C J  = -D +vC = -D
x x

C C J  = -D +vC = -D
x x





∂ ∂
∂ ∂

∂ ∂
∂ ∂

v: Velocity of lattice flow or velocity of marker

: Chemical diffusivity or interdiffusion coefficient
     detrmined by Boltzmann-Matano analysis
D

doesn’t move relative to the end of crystal

2. For stationary coordinate, e.g., Matano interface, end of crystal 
or observer.

1. For moving coordinate, e.g., marker or lattice
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I IA B
A B
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I IA B
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I A
BA
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I A
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I B
B

                             = ( )

(Net flux) =
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vC v+  + - +

+

      

C C-D D

C C

                

C

v- C CD

  

-D

 C-D
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-D

CJ  = + = -D

CJ

C vC

vC = + = -D
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J J
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I B

since X X 1 (X X ) X X

v+ CC

A B A B A B A BC C C C C C C C
x

          

∂
∂

(1) Stationary Coordinate :
The atomic flux including diffusion and lattice flow

where C is the total number of atom per unit volume. If we assume that the 
atomic volume is Ω, we have CΩ=1. As C is constant, it implies that 

A B A BA B( )
 = 

C CC 0 C C X X
x x x xx x


     

∂ ∂ ∂ ∂
∂ ∂ ∂

∂∂
∂ ∂∂

where v: velocity of lattice flow 
or marker



I IA B
BA

I IA B
BA

C J = [ v

C 0

v

C CD +D - C]

since C is constant, 

C CD +D - C constant

t x x

t

x x

k
x x
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∂
∂

∂ ∂
∂ ∂

∂ ∂
∂ ∂

To determine the constant k, we consider the end of the sample, where no 
interdiffusion occurs, and the concentrations of CA and CB are constant, 
and their concentration gradients are zero. Thus, there is no lattice flow, 
so v=0. The constant of k is then zero, and the net flux (J) in the 
stationary coordinate is zero, so J=JA+JB=0 and JA = -JB.  

(2) Moving Coordinate :
Only diffusion flux considered

A B

A B

I IA B
A B

I IA B
A B A

V

B

A B

(Net flux) = =

; 

 Since + v
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-D j -D

C C C + vC=0

vC =- 

-D -D

j j

j J J j=J

j

x x

x x
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where vacancy flux (jV) is to balance the difference
between jA and jB.
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(X D X D )

            

C1                   = - (C D C D )

C C                  = -
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A A A j + C v           J 

Lattice flow velocity = Marker velocity (v):



A B
I IA B
A B

A B

A B V

I I I IB B
V B A B A

(Net flux) = = 

= 

+ v
C C-D -D + C 

+ j vC=0
+ j vC = -j

X C j = vC =C(D -D ) (D -D )

J J J

                                   = j
j

x x

x x
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∂ ∂
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Number of vacancy transported = jvAt
where A is cross section area and t is time. If the atomic volume of a 
single vacancy is Ω, 
Total volume of vacancy transported = jvAtΩ.

Kirkendall (Frenkel) voiding without lattice shift

In Darken’s analysis, the vacancy is at equilibrium due to lattice 
shift. Since there is no vacancy super-saturation, no void is formed. 
However, if the vacancy flux can not be absorbed by lattice shift, 
it will lead to vacancy super-saturation and the nucleation of voids.
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 Total volume of vacancy transported (V )= j AtΩ

j = vC = C=
2 2

1AΩ j AV = Ω AΩ A A x
t t

x t CC
t t t

dt C dt C t Cx
Ct

 

 



    

where 
x : marker shift distance
A: the cross section area of diffusion
Ω: atomic volume of a single vacancy
C:  total concentration =CA+CB=1/Ω
v:  velocity of marker
t:  time
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v: velocity of lattice flow or marker



Vacancy 
Creation

Vacancy 
Annihilation

DA/DB=1.1/1

jB
jA
jV

DA/DB=1

Void

Vacancies need to be destroyed to 
maintain equilibrium

Vacancies need to be created to 
restore equilibrium

jv=0

Fl
ux

(j
A
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B,j
V)

, d
C v

/d
t

jA

jB

Fl
ux
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dCv/dt=0

Vacancies at equilibrium
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Vacancy Creation Vacancy Annihilation

Vacancy

Create Lattice Plane Remove Lattice Plane

More vacancies are created due to unequal diffusivities, 
which yields a non-equilibrium system. Therefore, 
excessive vacancies need to be destroyed by removing 
lattice plane to bring the system back to equilibrium.

Vacancy

Vacancy



Vacancy destroyed 
(positive climb)

Vacancy created
(negative climb)





I A
A A

IA A A
A

∂Cj = -D
∂x

∂C ∂j ∂C∂= - (D )
∂t ∂x ∂x ∂x

2.For stationary coordinate, e.g., Matano interface, 
end of crystal or observer.

1.For moving coordinate, e.g., marker or the lattice

A

B

I A A
A A

I B B
B B

C C J  = -D +vC = -D
x x

C CJ  = -D +vC = -D
x x
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∂ ∂
∂ ∂

: Intrinsic diffusivity
     :Diffusivity under concentration gradient 
       or non-equilibrium condition

I
AD

v: Velocity of lattice flow or velocity of marker

: Chemical diffusivity or interdiffusion coefficient
     detrmined by Boltzmann-Matano analysis
D









A
A x A x +△x

A A

∂Cx( ) = (J ) - (J )
∂t

x → 0
∂C ∂J= -

∂t x

x x+Δx

CA(x)

stationary plane

Note: JA: flux relative to the stationary coordinate
jA: flux relative to the moving coordinate

I
A

I
B

A A
A

B B
B

∂C ∂C∂= (D - vC )
∂t ∂x ∂x

∂C ∂C∂= (D - vC )
∂t ∂x ∂x

If the vacancy concentration within the unit volume is constant (constant volume)

( v ) ( v ) 0

.,
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D D
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x x x x

C CC C C

D D

const
x x

  
    
   

 
    

 

I I
A B

I

I I
A

I

B

A B



A B

A B

A B

A
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∂C ∂C∂C = + = 0
∂t ∂t ∂t

(*)

(**)



A



I I IA A A A
A A B

I I I IA A A A
A B B A A B

A

A A

I I
A AB B

C C C C= [D - (D -D ) ]
x x C x
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, : Tracer diffusivityNi
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Fe-3.8%Si-0.48%C

Concentration and partial
molar free-energy curves 
at various times for 
Fe-C-Si alloys welded
together and annealed.

Fe-0.44%C

Concentration Free Energy
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Concentration Free Energy
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The change in composition of two points A 
and B on opposite sides of diffusion Couple; 
E is the final equilibrium concentration of 
the whole bar.
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Force acting on an atom of species A

BA: mobility of species A under a force of F
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: Intrinsic diffusivity of species A under the influence 
of its own free energy gradient

1 1 2 2 .... 0

ln ln

ln ln

  (Intrinsic mobility = Tracer mobility)
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A B B B A B
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* * A
A B B A
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* * A
A B B

B B

A
A

A A

lnaD = (X B k T + X B k T)( )
lnX

lnaD = (X D +X D )( )
lnX

ln= (X D + X D

if B =B and

)(1

=

)

B

+

B

lnX

∂
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A A BD =B k T

Ideal Solution: γ=1

→Nernst-Einstein Equation

Gibbs-Duhem Equation
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: transport or kinetic factor
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A B B AD=X D +X D

For the case of very dilute solution with 
XB0 and XA1

 *
BD=D
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A 2ΩX Xln1

2ΩX Xln = (-)
lnX RT

+ =1-
lnX RT

: thermodynamic factor

I. For the case of an ideal solution (Raoultian) 
or an ideal dilute (Henryan) solution, γi
is constant (=1 or KH), and the thermodynamic factor 
becomes zero. Therefore, for an ideal solution

→chemical diffusivity = tracer diffusivity of solute
II. For the case of Regular Solution

(Ω<0 A+B >A-A + B-B  D increasing) 
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Regular Solution
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Regular Solution
ΔHm=PAB(1/2(εAA+εBB)-εAB) =PABε

PAB=((1/2)ZNo)(2XAXB)
=ZNoXAXB : Probability to form A-B bonds

ΔHm=ZNoXAXBε=ZNoεXAXB=ΩXAXB

Ω=ZNoε
Ω<0 attraction between unlike ions

 1/2(εAA+εBB)<εAB
Ω>0 repulsion between unlike ions

 1/2(εAA+εBB)>εAB

For Ideal Solution
1/2(εAA+εBB)=εAB
ε=0Ω=0ΔHm=0



,

Probability to have A-B: 
Probability to have B-A: 
Probability for two sites with different atoms of A-B and B-A: 

2
1Total number of pairs in the crystal:
2
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1P (Total probability to form A-B pairs): 2
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α α1+ α2

ΔGmix<0

αα1+ α2

ΔGmix>0

XB

A                                    B

0
ΔHmix

-TΔSmix

ΔGmix

(a)   Ω<0, high T

A                                    B

0
XB

ΔHmix

-TΔSmix

ΔGmix

(b)   Ω<0, low T

XB

A                                    B

0

ΔHmix

-TΔSmix

ΔGmix

(c)   Ω>0, high T

XB

A                                    B

0

ΔHmix

-TΔSmix

ΔGmix

(d)   Ω>0, low T



Gibbs Free Energy of Binary Solutions 



G1=XAGA+XBGB

G1=H1-TS1
G2=H2-TS2

ΔGmix=G2-G1
=ΔHmix-TΔSmix

ΔHmix=H2-H1
ΔSmix=S2-S1

Since ΔHmix=0 (ideal solution)
ΔGmix (ideal solution)= -TΔSmix

ΔSmix = -R(XAlnXA+XBlnXB)

G2 =G1+ΔGmix

=XAGA+XBGB-TΔSmix
=XA(GA+RTlnXA)+
XB(GB+RTlnXB)

Ideal Solution

G2

G1

ΔGmix

+

=



Ideal Solution

T,P, n

2

'  (T,P, n :constant) (G':total free energy)
'( )

'
'

' (molar free energy)
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μA = GA+RTlnaA

μB = GB+RTlnaB

ΔGmix = G2-G1
= (XAμA+XBμB)-(XAGA+XBGB)
= RT(XAlnaA + XBlnaB)



Regular Solution

G2=G1+ΔGmix
=XAGA+XBGB+ΩXAXB+RT(XAlnXA+XBlnXB)
=XAGA+XBGB+Ω(XA

2XB+XAXB
2)+RT(XAlnXA+XBlnXB)

=XAμA+XBμB

μA = GA+Ω(1-XA)2+RTlnXA

μB = GB+Ω(1-XB)2+RTlnXB

=GA+RTlnaA

=GB+RTlnaB

=GA+RT(lnXA+lnγA)

=GB+RT(lnXB+lnγB)
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Ω<0  γA<1
 Negative deviation
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ΔHM>0, T=2000 K

α α1+ α2

α1 α2

α

ΔGm=ΔHm-TΔSm



Systems with a Miscibility Gap
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S        
S
S

Composition-dependent 
interdiffusivity in a 
chemically inhomogeneous 
system

M        
S

Composition-dependent 
intrinsic diffusivity of 
component i in a chemically 
inhomogeneous system.  

M=S
(no net 
mass flow)

Self-diffusivity of a tracer 
in a chemically homogeneous 
material containing more 
than one species

M=S
(no net 
mass flow)

Self-diffusivity of a tracer 
in a chemically homogeneous 
material containing only one 
species
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which is an additional boundary 
condition and determines the 
location of Matano interface.
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x=0 plane (Matano interface) determined by

X=0
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